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Statement of the Theorem.—Let the points 1, 2,3... (Fig. 1) be situated 


at uniform intervals along a uniform electric conductor which is steadily 
carrying an alternating current of any single frequency. In the particular 
Direction of Energy Flow 


NS 
OTT? 








FIGURE 1 
Three points situated at equal hyperbolic angular distances @ along a uniform real or ~ 
artificial electrically conducting line in the steady state. 


case when the impressed frequency is zero, the current becomes a steady 
continuous current. Let the angular distance between any adjacent pair 
of points be 6 hyperbolic radians, where @ is, in general, a complex hyper- 
bolic angle; except in the continuous-current case, when @ reduces ordi- 
narily to a real hyperbolic angle. Then, let Fi, E2, E3,... be the respective 
alternating r.m.s. (root-mean-square) potentials of the points, with re- 
spect to ground or neutral, expressed in vector volts. Similarly, let. 
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I, In, Iz... be the respective alternating r.m.s. current strengths in the 
line at these points, expressed in vector amperes. 

Then } (E, + E;) is the vector mean potential of the points 1 and 3, 
and may be represented by the symbol M; while EF, will be the midpo- 
tential of the same points; i.e., the potential of 2, their midpoint. It 
may be represented by the symbol D. The mean-to-mid ratio of the 
three potentials will then be 


M_Rit+k_Ei+k 
ve QE 
Es 





=coshé@ numeric Z (1) 


That is, the mean-to-mid ratio of potentials for any two points 1 and 3, 
angularly distant from each other by 26 hyperbolic radians is always the 
same along the uniform line, so long as the frequency remains constant, 
and is equal to cosh @, a complex or planevector numeric in the general 
case. This remarkable relation holds, whatever the length of the uni- 
form line, and whatever the terminal conditions may be. ‘The relation is 
independent of the activity of the line, or of the type of its terminal loads. 
If the impressed frequency of the alternating current on the line is changed, 
the angular distance @ between the successive points will change; but the 
mean-to-mid ratio of potentials will assume the constant functional value 
cosh 6, in accordance with formula (1). The relation also holds in the 
case of any uniform artificial line, the points 1, 2,3... being then situated, 
in general, at section junctions. 

Mean-to-Mid Current Ratio.—Similarly, considering the currents J), 
Ie, Iz... (Fig. 1) the vector mean current of the triplet is 


M = 341, + Js) amperes Z (2) 
while the vector current at the mid point is 
D=I, amperes Z (3) 
The mean-to-mid ratio, as in the case of the potentials, is 


cL, te. 


—— osh 6 numeric Z (4) 
D 212 





The mean-to-mid ratio is the same for both currents and potentials, at 
equidistant points along any uniform artificial or real line, no matter what 
the terminal conditions may be. 

Proof of the Theorem. It is well known! that on any uniform real or 
artificial line in the steady state, carrying single-frequency alternating 
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currents, the potential at any point is directly proportional to the sinh 
of the position angle 6, of the point; that is, for midpoint point 2 (Fig. 1) 


E, = A sinh & = D volts Z (5) 


where 62 is the position angle in complex hyperbolic radians, or hyps. Z 
for the particular point, line, frequency and terminal conditions. A 
is constant of potential for the line. Then for point 1, the position angle 
will be (6.—@) and that for point 3, will be (6. + @). Hence the potential 
of point 1 is 
E, = A sinh (6—6) volts Z (6) 

and of point (3) 

E; = A sinh (8 + 6) volts Z (7) 


The arithmetical mean M of E, and E; (using complex quantities) is 


M= : {sinh (62.—0) + sinh (6 + 6) \ = A sinh 6 cosh 6 volts Z (8) 


Thus 
M ne A sinh 6) cosh 6 


D A sinh 4: 





= cosh 6 numeric Z (9) 


In a similar manner, the current strength at each and every point of a 
line is known to be proportional to the cosine of its hyperbolic position 
angle. Hence 


I, = B cosh & = D amperes Z (10) 
I, = B cosh (&— @) amperes Z (11) 
I3 = B cosh (6. + 6) amperes Z (12) 


B is a constant of current for the line, expressed in vector amperes. The 
planevector arithmetical mean of the currents at points 1 and 3 is 


= ; {cost (5:—0) + cosh (5: + y\. B cosh 8: cosh 6 
a - amperes Z (13) 
z = cosh 0 numeric Z (14) 


which is the same result as for potentials, according to (9). 

Hence any distribution proportional either to the sine or to the cosine 
of position angles of points along the line, must have a constant mean-to- 
mid ratio M/D. ‘The sines of position angles give rise to a ‘‘hyperbolic- 
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sine complex-number series”? and the cosines of position angles to a 
“‘hyperbolic-cosine complex-number series.”” . The sum of two such dis- 
tributions must likewise develop a constant mean-to-mid ratio. Such a 
sum gives rise to what may be called a “‘catenary series” of complex num- 
bers, including those represented geometrically by an equiangular spiral, 
of the type Ce°~*, Ce’ and Ce’ **, C and 6 being real or complex constants. 
The middle number Ce’ is not only. the geometrical mean of the two 
others; but it is also their arithmetical mean divided by cosh 8, in ac- 
cordance with (14). 

Examples.—Figure 2* represents diagrammatically an artificial elec- 
tric line of five T sections, each having 500 ohms in the line and 0.25 mil- 
limho of mid leak to ground (4000 ohms). The line has a potential E; 
of 100 volts applied to it at the upper end, as from a storage battery; 
while the receiving end, O, is grounded through a terminal load of 750 
ohms. The distribution of potentials and currents over the system are 
indicated, together with the resistance and conductance distributions, all 
as derived by the repeated use of Ohm’s law. _ Each section of this arti- 
ficial line subtends a hyperbolic angle of 0.35174 hyperbolic radians, and 
offers a surge impedance of 1406.1 ohms. On the left-hand side of the 
figure is represented the corresponding conjugate smooth line, of uniformly 
distributed conductor resistance and dielectric leakance. If the length 
of the whole line is taken as 500 km., the linear conductor resistance will 
be 5.051 ohms per km. and the linear dielectric leakance 2.449. x 10-® 
mho per km. This conjugate smooth line is also energised at the upper 
end with 100 volts and has its lower end grounded through 750 ohms. 
As is shown on the diagram, the successive position angles at the junctions 
0, 1, 2, 3, 4 and 5, are 0.57941, 0.93114, 1.28288, 1.63462, 1.98636, and 
2.33810 hyps. The potentials at the junctions and at corresponding 
points on the smooth line are as the sinhs of these angles; while the line 
currents are as the coshs. On the right hand of the figure are five mean- 
to-mid ratios of potential and also five of current. They all give 1.0625, 
which is cosh @, or the cosine of the section angle 0.35174. A set of five 
mean-to-mid ratios of electric power at junctions is added. These give 
the value 1.2578, which is cosh 26 or cosh 0.70348: It is known that the 
power at any point on a continuous-current line is proportional to the sine 
of twice its position angle,‘ and therefore falls within the mean-to-mid 
ratio theorem. In the alternating-current case, however, only the size 
of the vector power follows the size of the doubled position angle, which 
leads to less simple relations that need not be followed here. 

As an easy alternating-current example, we may take the case of a real 
- or artificial line, having uniform sections, each subtending an angle of 
(0.428 + j 1.5708) = 1.628 Z 74° 45’ hyps. (j = ~/—1), at the particular 
impressed frequency. ‘The motor end is grounded through an impedance 
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FIGURE 2 
Five-section T line loaded at motor end, and its conjugates smooth line. Cosh 
6 =1.0625. Cosh 26 = 1.2578 |. 
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equal to the surge impedance. Under these conditions, the graphs of the 
potential and current distributions become equiangular spirals, of the 
type indicated in figure 3. If 03 = 1.000° ¥ volt, is the potential at junc- 
tion 3, and 01 = 0.4248 V 180° is the potential at junction 1, then 02 or 
OD = 0.6518¥ 90° = 71.007 0° X 0.42487 180° will be the mid po- 
tential, or the potential at junction 2. The vector sum of the potentials 
at 1 and 3 is OS = 0.5752 0° volt, and the vector mean potential one 
half of this 0M, or 0.2876 0° volt. The mean-to-mid potential will 
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FIGURE 3 


Mean to mid ratio of potential in equiangular spiral 


be OM/OD = 0.2876 ¥ 0°/0.6518 ¥ 90° = 0.4412 Z 90° = j 0.4412 = 
cosh (0.428 + j 1.5708) = j sinh 0.428 = cosh 6. 

Numerous applications of the theorem to alternating-current cases may be 
developed in known potential and current distributions, scattered through 
the literature of a.c. lines. The theorem itself was noticed and pointed 
out by the writer some years ago, under certain very restricted conditions;® 
but it has only been recently found that those limitations were unneces- 
sary, thus greatly extending the application of the theorem. 

The theorem also applies to all Tables of hyperbolic sine functions or 
cosine functions of either a real, imaginary, or complex angle, (sinh 6 
or cosh @), when, as ordinarily occurs, the angle @ increases in uniform 
arithmetical progression. It also applies to all Tables of exponentials 
e*° for 6 either real, imaginary, or complex, when @, as usual, increases 
in arithmetical progression. 
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Thus, by Tables* 


sinh (0.6 + j 0.5) = 0.45018 + j 0.83825 = sinh (0.55 + j 0.50) +6 
sinh (0.5 + j 0.5) = 0.36847 + j 0.79735 = sinh (0.55 + j 0.50) —@ 
0.81865 + j 1.63560 
M = 0.40933 + j 0.81780 = 0.91452 Z 63°.24’.39” 
sinh (0.55 + j 9-5) = D = 0.40882 + j 0.81678 = 0.91338 Z 63°.24’.39” 


s = 1.00125 Z 0° = cosh 0.0500 = cosh 0 





Such successive tabular sines are proportional to the electric potentials 
at corresponding equidistant points on a uniform line of certain particular 
electrical constants, energised in a particular way. 

1 “Artificial Lines for Continuous Currents in the Steady State,” by A. E. Kennelly, 
Proc. Amer. Acad. Art Sci., 44, No. 4, Nov. 1908, pp. 97-130. Also, Artificial Electric 
Lines, by A. E. Kennelly, McGraw-Hill Book Co., 1917, page 38. 

2 Artificial Electric Lines, page 314. 

’ Taken from page 68 of Artificial Electric Lines. 

4 Artificial Electric Lines, page 65. 

5 Artificial Electric Lines, page 314. 

6 Tables of Complex Hyperbolic and Circular Functions, by A. E. Kennelly, Harvard 
University Press, 2nd Ed., page 44. 


SOME RECENT MEASUREMENTS OF TRANS-ATLANTIC RADIO 
TRANSMISSION 


By RALPH Bown 


AMERICAN TELEPHONE AND TELEGRAPH COMPANY 


Read before the Academy, April 24, 1923 


During the past winter a series of measurements has been made on the 
transmission of radio signals from Rocky Point, Long Island, U. S. A., to 
London, England. ‘The measurements were made in connection with the 
transatlantic radio telephone tests carried out by the American Telephone 
and Telegraph Company and the Radio Corporation of America in co- 
operation. The tests were started about January 1, 1923 and are being 
continued into the summer. 

At Rocky Point a high power vacuum tube transmitter puts 200 to 
300 amperes of 57000 cycle alternating current into one of the large an- 
tennae. The resulting continuous wave radiation has a wave-length of 
about 5250 meters. In London a measuring set! has been installed which 
is capable of evaluating the absolute root mean square value of the elec- 
tric field of the radiation received from Rocky Point. 
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In order to find the attenuation suffered by the waves in their progress 
from America to England and to determine the amount, of power actu- 
ally radiated by the transmitting system it is necessary to measure the 
electric field of the radiation not only at London but also at some point 
on the route of travel relatively near the transmitting station. The trans- 
mitting antennae system is such as to make the directional characteris- 
tics of the radiation symmetrical along the great circle line from Rocky 
Point to London. The local measurement could therefore be made with- 
out great error at a convenient field laboratory in New Jersey which lies 
near the great circle line but to the rear of Rocky Point. 
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FIGURE 1 


This New Jersey measuring point is 122 kilometers from Rocky Point. 
It was found that for 300 amperes in the transmitting antenna the elec- 
tric field strength was 15300 micro-volts per meter (1 micro-volt per meter 
equals one CGS electromagnetic unit of electric intensity per centimeter.) 
From the ordinary equations for radiation from an antenna it may be de- 
duced that 

W = 1.12 E*d? X 10-* watts 


where W is total power radiated, E = electric field in micro-volts per 
meter at a distance d kilometers. Substituting the measured values it 
is found that with 300 amperes the Rocky Point antenna radiates toward 
England the same amount as would be radiated by an ideal antenna which 
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radiated equally in all horizontal directions, a total power of 39 kilowatts. 

A typical example of the field strengths produced in England in the 
winter time is given in figure 1. This shows hourly field strength measure- 
ments made in London during a continuous 54 hour run on February 11 
12 and 13, 1923. All the readings have been corrected to correspond to 
a transmitting antenna current of 300 amperes. When daylight covers 
the entire transmission path from Rocky Point to London the field is 
uniformly low but during the night it rises to considerably higher values. 
At night the field is relatively steady and free from fluctuations of the 


Electric Field at London in micro- 
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FIGURE 2 


- kind ordinarily known as ‘‘fading’’ but the general shape of the curve 
may change from night to night as is indicated by the dissimilarity be- 
tween the two dark periods shown. 

A generalized plot of all the data obtained from Jan. 1, 1923, to Feb. 
23, 1923, inclusive, is given in figure 2. The two dotted lines follow the 
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maximum and minimum values recorded. The area between them thus 
contains all of the 274 individual readings-taken during the 54 day period 
covered by the data. The heavy line follows the arithmetical average of 
readings for each hour of the day. The readings were taken at hourly 
intervals during test runs which usually lasted 24 hours or more at a 
stretch. The outstanding thing shown by this plot is that the high 
night values are practically as steady and reproducible as the day values 
and have no greater percentage variation from the average. The improved 
night transmission is a definite recurring phenomena which may not 
properly be called a freak transmission effect. 

It is interesting to consider this new information in the light of theory 
and past experience. In accordance with the usual theory of radio trans- 
mission the decrease in strength of the electric waves, as they pass outward 
to the distant receiving station, is caused by the spreading of their energy 
over a larger and larger circle of wave front and by losses due to the elec- 
trical imperfections of the media traversed. The first decrease, due to 
spreading, is in inverse proportion to the distance from the transmitting 
station. On this basis the field, which is 15,300 micro-volts per meter 
at a distance of 122 kilometers, should have decreased to 340 micro-volts 
per meter at London, which is 5470 kilometers distant. The second de- 
crease, due to losses in the media, is represented by some exponential 
function. At shorter wave lengths and for daylight transmission over 
sea water the attenuation factor of the Austin-Cohen radio transmission 


formula has been found to closely represent the facts. This factor is 
ee. where ¢ is the naperian base and d and X are the distance and 
wave-length, respectively, in kilometers. For the present case this factor 
has the value .0278 so that if it is valid for the distance and wave-length 
of our tests the daytime field strength in London should be 340 X .0278 
= 9.5 micro-volts per meter. The arithmetical average of our 175 day- 
light readings taken over the period from Jan. 1, 1923 to March 26, 1923 
is 7.3 micro-volts per meter. This check between the calculated and ob- 
served values is close enough to establish the validity of the Austin-Cohen 
formula for the conditions of our test. It should be noted, however, that 
the field strength values vary considerably from their average and that 
the calculated values may be in considerable disagreement with the actual 
values at any one time. It is probable that these variations may be due 
in part to the fact that about one third of the total distance from Rocky 
Point to London is made up of a number of relatively short stretches of 
land. 


One other characteristic of these winter time data is worthy of note. 


The average night values are 18 times as large as the average day values 
and rise about half way up to the field which would be obtained if there 
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were no absorption loss in the transmission media, yet, not even the max- 
imum recorded field shows any tendency to exceed the theoretical value 
of 340 micro-volts per meter for transmission without absorption loss. 
This evidence does not lead to any positive conclusions but it falls more 
easily into line with the theory that good night transmission is simply due 
to a diminution of the absorption losses than with theories which depend 
on reflection, refraction or focusing effects. Transmission by virtue of 
such effects would hardly be expected to so carefully shun a limiting value 
based on another theory. 

During the last days of February a radical change occurred in the nature 
of the night transmission phenomena. This is evidenced in figure 3 which 
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FIGURE 3 


is a generalized plot of 141 individual readings taken from Feb. 25 to 
March 27, 1923. 

The reason for the suddenness of the shift is unknown but a decrease 
in the night field is consistent with the fact that the period of darkness 
over the entire transmission path is only about 6 hours on April 1, as against 
10/2 hours on Jan. 1. 

Of the 10 hours winter night, 6 hours are spent in rising to and falling 
from the high values, which are steadily maintained only during a 4 
hour period. When the time of darkness over the entire path decreases 
to 6 hours or less the peak might be expected to be wiped out. 

1 For a description of the method of measurement and the apparatus used see‘‘ Radio 


Transmission Measurements,” by Ralph Bown, C. R. Englund and H. T. Friis. . Proc. 
Inst. Radio Eng., 11, No. 2, page 115, April 1923. 








226 GENETICS: C. B. DAVENPORT Proc. N. A. S 


BODY BUILD AND ITS INHERITANCE 
By C. B. DAVENPORT 


CARNEGIE INSTITUTION OF WASHINGTON 


Read before the Academy, April 23, 1923 


Body build is described by such adjectives as ‘‘slender,” ‘‘medium,” 
“fleshy,” and “‘very fleshy.”” The current theory of the physiology of 
nutrition to account for these various types of build runs somewhat as 
follows. Whenever the number of calories of the ingested food exceeds 
the number required for basal metabolism, the extra work done and pos- 
sible loss in ejecta the surplus is used in building material which adds to 
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Index of build, English, with metric in parenthesis 
LoGARITHMIC CURVE OF BuiLp oF 1750 ADULTS 
FIGURE 1 
Logarithmic curve of distribution of index of build of 1750 adults. Ordinates are propor- 
tional to frequency; abscissae to the size of index, increasing from left to right. ‘The numbers 
in parenthesis give the index of build in French units; the other numbers in English units. 


the body weight; or, if the calories are in deficiency, the deficit is made 
up by burning body tissue, resulting in loss of weight. In the first case 
the individual puts on weight; becomes fleshy or obese. In the second 
case he loses in weight and becomes slender. 

A study of a considerable number of families leads to the conclusion 
that the nutritional theory is not complete. It suggests that there is a 
genetical difference in different families in the economy of fattening. In 
some families the individuals fatten readily; in others with difficulty. 
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Consequently with a given constant excess of calories some fatten very 
slowly; whereas others put on weight rapidly. The difference between 
families is something like that which exists between Aberdeen-Angus 
steers and Jersey steers. As Armsby showed, the former fatten more 
readily than the latter, both because they eat more and because their ex- 
cess calories go to the building up of fat while in Jerseys it goes in a greater 
extent into the building of protein, and the protein is believed to cost 
more calories per pound to make. There is a difference in,the metabolic 
— in the two breeds. And humans differ genetically just as cattle 

O. 

In the present investigation it was found simplest to measure build 
by the ratio chest girth divided by stature; i.e., relative chest girth. 
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FIGURE 2 


Curve of development of relative chest girth, males. Ordinates chest girth multiplied by 100, 
divided by stature. Abscissae, age in years. 


However, if chest girths are not available the ratio weight + stature? is 
used as an index of build. If a lot of adult males be measured it is found 
that the distribution of the indices of build is as indicated in figure 1. 
In any polygon of distribution of adult build there are always present two 
peaks, one of which lies slightly below and the other somewhat above the 
mean build. ‘The mean build changes in the male from birth to maturity 
as indicated in figure 2. The relative chest girth at birth is 67%; falls 
to 47% at 13 years and rises to 52% at 22 years and probably continues to 
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FIGURE 3 


Photograph of a solid figure (model) giving the distribution of relative chest girth for 
various ages from birth to 20 years reading from left to right. The mean index of build 
at each age is centered on the curve of development of relative chest girth (Fig. 2). 
The relative chest girth is indicated in percentages passing from the bottom to the top 
of the figure. The solid figure is illuminated from the upper part of the photograph. 
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rise slightly up to 50 years of age. If the variability curve as found for 
the adult (figure 1) is determined also for all ages of the developmental 
curve; or, in other words, if the variability polygon be passed along the 
developmental curve changing its form appropriately at each age, then 
there will be generated the solid of which the airplane view is given in 
figure 3. In this figure the source of light is from in front. An examina- 
tion of figure 3 shows the persistence from birth to maturity of the two 
main ridges. The lower one is probably made up of those individuals 
who belong, for the most part, to the biotype of medium build. The 
upper ridge includes very largely heterozygous individuals, progeny of 
fleshy and slender strains which show a considerable dominance of fleshi- 
ness over slenderness. Accessory ridges also appear suggesting the pres- 
ence of slender and fleshy biotypes. The figure shows also differences in 
























































70 

|__ 80 
50 

40 

30 

10 

Q 

vs s M F VF 
FIGURE 4 FIGURE 5 
Polygon of percentage distribution of in- Polygon of distribution of percentage 


dices of the build of the 5 classes (very frequency of indices of build of off- 
slender, slender, medium, fleshy and very spring of parents who are both of fleshy 
fleshy) when both parents are of slender build distributed in the same 5 classes 
build. as in figure 4. 


variability of relative chest girth at different ages, but the restriction in 
variability at the extreme right of the figure is partly due to the fact that 
only soldiers were measured for this age. Hence it was a selected lot 
in which the extremes had been rejected. 

Evidence of heredity is found in the fact that members of one family 
frequently undergo similar changes in build throughout middle life. It 
is found also in pedigrees of familial obesity. Mass studies of the dis- 
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tribution of the 5 classes of build in the progeny of various matings show 
a difference in distribution, in means and in-variability as measured by the 
standard deviation or the coefficient of variability, figures 4 and5. This 
greater variability in the progeny of fleshy as compared with slender parents 
is still shown even whenever allowance is made for the slightly greater 
range of classes of build covered by the term fleshy, as compared with 
the term slender. 

Finally, analysis by modern genetical methods leads to the conclusion 
that there are generally two or more genetic factors involved in build. 
There are, however, biotypes in which only one factor is involved. Mark- 
edly is this true of the biotype of medium build. The factors for fleshy 
build dominate slightly over those for slender build. 


A BOHR-LANGMUIR TRANSFORMATION 
By G. C. Evans 


DEPARTMENT OF MATHEMATICS, RICE INSTITUTE 


Communicated May 1, 1923 


1. Equivalence-—Two canonical systems, with codrdinates and mo- 
menta 


Qi» Qa» +++» Tk» Pry Par ++» Pps th ie Pages 6g ee 
respectively, and energy functions 
H = Exia + Epcot, K = Exin + see 
will be considered as equivalent for the purpose of this exposition, if 


QO; = O(qi, -- + Qe» Pir --+» Pr) P; = Ui(Qy ---5 Qe Pu ---> Pe)» (1) 
provided that the quantity =(P;5Q; — p,6q;) = 6W (1’) 


can be shown by means of the equations of transformation to be the 
exact differential of some function W(qi, ...,q%, Pi, .--» Pe). It is a conse- 
quence of the transformation that K = H + 6(t), where 6(#) is arbitrary 
and may be put equal to zero without loss of generality.! 

This is a principle of relativity which is inherent in the classical dynamics. 

In fact, just as in the more modern theories of relativity natural co- 
ordinates and natural frames of reference are only approximately deter- 
mined, so that within narrow limits a very wide range of theoretical possi- 
bility is opened, so also here there is arbitrariness in the naming of events 
in a dynamical process, for within certain limits of observation which 
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determine approximately what shall be taken for the natural positional 
and momental coérdinates, the whole realm of change expressed by con- 
tact transformations is available. Ipso facto, such systems cannot be 
distinguished by observation. Moreover, for some systems there are no 
natural codrdinates, i.e., none which enter into a direct relation with quan- 
tities outside the system. 

1.1 Two models of the atom must be regarded as equivalent, or equally 
real, if each has all the energy levels of the other in the presence of the 
same phenomena, such as radiation, Zeeman effect, Stark effect, com- 
pression, etc. For there is then no way that one may be distinguished 
from another by means of these phenomena. ‘That sort of indefiniteness 
is a characteristic of a quantized system. But even apart from that, it 
is evident that what we choose for positional and what for momental 
coérdinates are entirely arbitrary provided that the resulting systems 
are equivalent by any contact transformations of the kind (1). 

In this paper we investigate briefly the equivalence of the Bohr and 
Langmuir? single-electron atoms with respect to the phenomenon of radi- 
ation. 

2. The Bohr Hydrogen Atom.—For an electron of charge e and mass m 
attracted to a fixed nucleus of charge E, the motion according to Bohr is 
given by the set of canonical equations (¢ = 1, 2) 

2 2 
dq; _ oH dp; _ _ 0H a. Ss 2 ae (2) 


ee” ae gi eo . ae mY 
with :,g2 respectively as the polar coérdinates ¢, r in the plane of the initial 
motion, and ~; = p, = mr°dg/dt, pp = p, = mdr/dt. they are written 
then explicitly in the form 


dt mr?’ dt dt m at r? mrs 
with 


dp _ Pe dpe _ 9 dr _ Pe dp, _ _E , Po (2’) 


E. 2% PF 
Bide Be 
ae 2m 


The system is further restricted in that the only stable motions are those 
for which 


Ss pi dq; a nih, i= 1 2, (3) 


the integration being carried over a complete cycle of motion of the co- 
ordinate g;, and u; being an integer or zero. 

The particular motions for which p, = 0, r = const. (corresponding to 
m2 = 0) constitute the original Bohr atom with circular orbit. ‘The more 
general collection of motions, in which m and m2 take on arbitrary values, | 
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constitute the system with elliptical orbits, in which an elementary trans- 
formation allows us to take account of-the motion of the nucleus, and a 
modification of the equations by Sommerfeld, in which the 1; and ne are 
finally separated in the formula for energy, produces the fine structure of 
radiation. 

3. One Type of Transformation.—As an example, we write 


%=A+P+a*, pp =P, 1r=Qr, (4a) 


a being a constant, and determine y = q;, in terms of Q;, Pi, in such a 
way that 5W shall be an exact differential. By a substitution in (1’), 
we calculate without difficulty 


ge ss P os O; 2 2 
— =lo i HET ~ 42 
. g P, 0, F(Pi 1) 


and take as the simplest choice f = log (P? — P}), so that 
e=VO+Pi +a? log (Pi + ) (4b) 








A contact transformation is thus given. Moreover 
a _& , it+Pito , Ps 


and the canonical equations become 


dQ: _ 2K _ Pi de _ OK _ Ps 
dt OP, mQ’ a: 2 .< 
3) 
ee eS. cf  otrhte 
dt 00, mQ3" dt O02 Q3 mQ3 


The first pair of equations shows us that if we interpret Q,, Q2 as polar 
coérdinates ¢,r, the P;,P2 are the corresponding momenta in the ordinary 
sense, and m is the mass, unchanged. The second pair of equations 
describe the forces which must be assumed in order to give the motion, 
and the motion itself is seen to be oscillatory about a configuration de- 
termined by the interpretation of a. The parameter a may be used as 
a new variable codrdinate with respect to other classes of phenomena, and 
in this way the system may be expanded. 

4. A Bohr-Langmuir Transformation.—Make now the transformation 
determined by the equations 


2 2 n*h* i 
?, =P ss n an integer, r = Qs, P, = Pr, 
Tv ‘ 


Since again we are going to interpret Q2 as a radial distance, we may as 
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well preserve the symbols r and p, in the new coérdinates. Substitution 
in (1’) yields the equation = i P- 0) = 0. 

00 \Pp 


Hence 
?P=Q+/f(P),  farbitrary, 
P. 


¢ 
a oe 
a y? ‘. = {3 4 rp) ,  F arbitrary, 


and the simplest transformation is therefore 


oqp4% 2 2 ee 
ak aes Te ee lee () 
The inverse of this transformation, as follows from symmetry, is the 
following: 
nth ae ee nn? , 
Paqn- Th, o-2qe- 
We shall understand to take all the values 1,2, ... , and the trans- 


formation to be defined when 7, lies in the neighborhood of the values 
nh/2x. ‘The transformation thus defined is discontinuous. 
The new system is characterized by the equations 





4 n? 2 a 
Bos a aa eee Gr, Re 
r — 2m dt mr? dt m™m 
2mr 
pup i 
SF oh) An? 
dat dt r* : 
mr 


The stable trajectories in (2) by the first quantum condition are by the 
transformation equivalent to the situations in (7) where P = 0, Q = 0, 
with » = m. The second quantum condition yields the result 


S pdr =nh, m=0,1,2,.... (7’) 
Hence the Bohr system of stable trajectories is equivalent to the system 


fae oo le cE nih? 





dt m dt r? 4n?*mr3 


Ha -& we mih* Pr 
r 82?mr? 2m 


(8) 





subject to condition (7’). But these are precisely the equations for the 
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Langmuir atom. It may be noticed that the original Bohr atom (circular 
orbits, r = const., m2 = 0) is by this transformation equivalent to the 
completely static Langmuir atom, in which the possible values of r are 
determined by the equation 


Ee n*h? 


r 4n°mr3 


0 = 





(9) 


4.1. The transformations to which we have restricted ourselves are 
what may be called “natural transformations,” i.e., transformations in 
which the energy function remains a quadratic function of the momenta, 
the terms involving momenta remaining homogeneous, and such that the 
significance of mass is unchanged. With the modern conception of the 
relation between mass, velocity and energy, such as we find it for instance 
in the Sommerfeld modification of the Bohr atom, there is no necessity 
for this restriction. Within the atom, mass and energy need not be re- 
garded as separate, although we may if we like define mass at any time in 
terms of the coefficients of the function H. For transformations in this 
more general situation we should want for an adequate treatment not only 
to introduce the ¢ into the equations of transformation, but also to trans- 
form the parameter ¢ itself by means of a new equation involving all the 
variables. ‘The general point of view of Einsteinian reiativity is however 
beyond the scope of this article. 

5. A General Property of Contact Transformations.—It is no accident that 
the transformation (6) is discontinuous. In fact, the equivalence is not 
otherwise possible. 

Consider any dynamically quantized system of k degrees of freedom 
which is periodic, i.e., such that for a ‘‘stable motion” the system returns 
to itself after a time r: 


q(t +7) = qt), pit +7) = pt), 2S pdq; ==Unh, (10) 


with not all the ; zero. Let (A) represent a contact transformation 
(1) in which the ®; and WV; are continuous functions of their arguments. 
Then the corresponding motion of the transformed system is also periodic 
with period 7 and the expression in the second of equations (10) is an in- 
tegral invariant (relative) of the system; and therefore the equation 


ZS pdqi == S PA; (10’) 


holds for the actual motions. 

A statically quantized system (one therefore with quantized forces) 
may be defined as one in which the stable situations satisfy the conditions 
P;=0, Q; = const. These however cannot be the transforms of dynamically 
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quantized situations by any transformation (A) since in that case, by (10) 
and (10’) all the »; would have to be zero in the original system. 

The same result is true even if the original or final systems, or both, 
have angular coédrdinates, i.e., if (as in the Bohr system) we have the 
equations 


qa(t+7r) =q(t) +27; «= 1,2,...,1=k, 
gtt+r) = q(t), t=14+1,14+2,...,k, 
p(t + 7) = p(t), Ee ee See 


In fact, if we make the contact transformation 


qi = Vi C08 qi: pi = — 2p; sin gi, eat eee 
gd=q ?%=%  t=1+1,14+2,...,k, 


we obtain a system without angle coérdinates, in which, as is verified 
‘at once by the calculation of the function W, the trajectories which corre- 
spond to the quantized ones in the original system are again dynamically 
quantized, and with the same integers: 


ZS pidqi ==imh, m =n; =1,2,...,k. 


If now we denote the inverse of the transformation (C) by (C-), the 
transformation from the q,p system to the Q,P system can be made by one 
of the following. sequences of transformations: CAC-!, CA, AC-, as a 
result of which we are still able to deduce 


= JS P; dQ;. + 0. 


6. Transferance Processes —The system which we have investigated is 
merely that one which is adaptable to the discussion of radiation. But 
in any system where there are quantized ignorable coérdinates, these may 
be replaced by means of transformations (6) with quantized forces, and 
thus such a force may be introduced into a discussion of the Stark and 
Zeeman effects. 

It is of more importance to notice that any contact transformation can 
itself be produced by an appropriate dynamical process.* In other words, 
it is always possible to construct or suppose a mechanical system whose 
processes will actually carry the p,g-system into the P,Q-system, and by 
assuming such a system as adjoined to the model of the atom to consider 
the Bohr and Langmuir models as different states of the same atom. 
Thus it is entirely legitimate for the physicist to consider the atom as a 
Bohr atom for the phenomenon of radiation, and as a Langmuir atom in 
the presence of chemical phenomena, the transformation from one to the 
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other being imagined as an actual mechanical process. Such a process 
may be called a transferance process. - 

The mathematician will perhaps prefer to regard the atom merely as 
a sequence of events in a certain canonical process, given by equations, 
without regarding it as necessary to consider any given set of variables 
qi; as specifically configurational coérdinates, and the corresponding 7; 
as specifically their momenta. 

Summary.—The author considers the Bohr atom and the Langmuir 
atom with a quantized force, in regard to the question as to whether the 
“events” of one system are equivalent to the “events” of the other, and 
shows that although one system cannot be the transform of the other by 
any continuous contact transformation, both are however equivalent by 
a valid transformation which is a contact transformation locally, but not 
in extenso. In particular, Langmuir’s completely static atom is equivalent 
to the Bohr atom with circular orbit. 

The question of reality and preference is discussed in terms of trans- 
ference processes, which carry one system into the other. 


1 The more general contact transformation 
Or = Oi(g:,...-. Ge, Pi, <> Pe); Pi = Wilgi, ... Chr Pry -- +> Pe, 2) 
with W = W(q; ..., G, Pi. ---» Dk t), leads to the equation 
K = H — (6W/8t)a,n,4 + © (t). 


Hence energy levels will not be preserved identically for corresponding trajectories in 
the two systems unless 6w/8t is a function of ¢ alone. In this case, the #:, WV: are in- 
dependent of ¢, and the transformation reduces to (1). 

It may be remarked that any two systems of k degrees of freedom are equivalent 
by some contact transformation. Such a transformation will usually involve the t. 
But even then our problem is different, since we must transform two systems one into 
the other in such a way that certain trajectories in one system go into certain definite 
trajectories in the other. 

21. Langmuir, Physic: Rev., Ithaca, 18, p. 104, Aug. 1921. 

3 The canonical equations of this process may be found by constructing a Hamilton- 
Jacobi function N in terms of the function W of (1’) and the Hamilton-Jacobi function, 
say V, of the ~,g-system, In fact, the transformation from the p,g-system with values 
F ae ge, f.. ce p?, to to the P,Q-system with values Qi,..., Qx, Pi..., Pk, tis itself a 
contact transformation with W a function of ¢ (not quite in the sense of the footnote to 
Art. 1). Foranon-specia transformation it may be written W(Qi,..., Qe, £.. as 9, t). 

Introduce now, new positional coérdinates x,..., xk, and a new parameter +r which 
will serve as time, taking on values from fy to t. For the Hamilton-Jacobi function of 
the transferance process, in terms 0° which the integrals of the motions of transfer are 
given, we may write 


t eee 
N(«,..., «ey 9,..., 92,7) = ay, Vite mh qr,---» GBs to) 
ee 


tT— lo 





+ Wiki, : x5 Kk, tee g, t) 
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FORM OF THE NUMBER OF THE SUBGROUPS OF A PRIME 
POWER GROUP 


By G. A. MILLER 


DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 


Communicated May 24, 1923 


It is known that the number of the subgroups of every possible order 
contained in a group G whose order is of the form p”, » being a prime 
number, is always of the form 1 + kp, k being a positive integer or 0. 
When G is cyclic k = 0 since every cyclic group contains one and only one 
subgroup whose order is an arbitrary divisor of the order of the group. 
The main object of the present note is to prove the theorem that when 
p > 2 and Gis non-cyclic the number of the subgroups of order p* con- 
tained in G is of the form 1 + p + kp?, where a may have an arbitrary 
value from 1 to m—1. In what follows it will be assumed that p > 2 and 
that G is ‘non-cyclic. For the special case when a = 1 the theorem in 
question is known.! 

To simplify the proof it may first be noted that every cyclic group of 
composite order contained in Gis found in a set of p*, 8B > 0, cyclic sub- 
groups of the same composite order p* such that all the subgroups of the set 
have in common a subgroup of order p*~' and each subgroup of the set 
transform into itself every other subgroup of the set. Moreover, no 
cyclic subgroup of order p* which is not contained in this set of p® sub- 
groups is transformed into itself by every subgroup of this set. From 
this theorem it results.directly that the number of the cyclic subgroups 
of order p*, a > 1, contained in G is always a multiple of ». It may be 
added that the given p® ¢yclic subgroups of order p* generate a group of 
order p** *, and that the operators of this group whose orders divide 
p*—} constitute a subgroup of order p*t®~!. This method of proving 
that the number of the cyclic subgroups of every composite order found 
in G is a multiple of p seems to be simpler than the one previously pub- 
lished.? It incidentally establishes important properties of the non- 
‘cyclic groups of order p” which involve operators whose orders exceed p. 

Another theorem which is useful in the proof of the general theorem 
announced in the first paragraph of the present note, and which may also 
be of interest on its own account, is that the number of the invariant sub- 
groups of a non-cyclic group of order p” which separately give rise to a cyclic 
quotient group of a given order is always divisible by p. ‘To prove this 
theorem let H represent an invariant subgroup of G which gives rise to a 
cyclic quotient groupI. ‘To the subgroup of order p in J there corresponds 
a non-cyclic subgroup of G since G is non-cyclic. Let S be an operator of 
G which corresponds to a generator of J, and let s‘ correspond to an oper- 
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ator of order pin J. ‘The conjugates of s’ under H are also the conjugates 
of this operator under G, and these conjugates generate an invariant sub- 
group of G whose order cannot exceed that of H. If p’ is the order of J 
the invariant subgroup H’ generated by the p'~! powers of all the operators 
of G has an order which cannot exceed that of H. 

The number of the invariant subgroups of G which involve H’ and have 
an order equal to that of H is of the form 1 + kp according to the theorem 
noted in the first paragraph. All of these subgroups give rise to non- 
cyclic quotient groups. The number of the invariant subgroups whose 
order is equal to that of H and which give rise to a cyclic quotient group 
must therefore be divisible by p, and this completes a proof of the itali- 
cized theorem of the preceding paragraph. 

To prove the theorem noted in the first paragraph of this note it is now 
only necessary to count in the usual way each of the subgroups of order 
p**! contained in G as many times as it contains subgroups* of order p* 
and to note that the sum thus obtained is equal to the sum obtained by 
counting each subgroup of order p* as many times as it appears in a sub- 
group of order p**'. When the quotient groups to which such a sub- 
group of the order p* gives rise under the largest subgroup of G which trans- 
forms it into itself is non-cyclic the number of the subgroups of order 
p*t! in which it appears is 1 + p + kp*%. When this quotient group is 
cyclic there is a multiple of » such subgroups of order p* and hence the 
total number is the same, modulo ?, as if the number had been of the 
form 1 + » + kp? in each case. Hence it follows by induction that the 
number of the subgroups of order p* contained in an arbitrary non-cyclic 
group of order p™ is of the form 1 + p + kp, where a has an arbitrary value 
from 1 to m—I. 

1G. A. Miller, Proc. London Math. Soc., 2, (1905), p. 143. 

2 Miller, Blichfeldt, Dickson, Finite Groups, 1916, p. 128. 

3 Ibid., p. 125. 


THE INTERFERENCE OF LIGHT AND THE QUANTUM THEORY 
By G. Breit? 
DEPARTMENT OF Puysics, HARVARD UNIVERSITY 
Communicated, May 29 ,1923 


1. It is generally supposed that phenomena of interference are a grave 
objection to the theory of light quanta. They are usually considered as 
a support of .the classical wave theory. 

Prof. W. Duane? pointed out that if radiation momenta can be considered 
as transferred in quanta typical interference phenomena may be explained. 
He also showed that the converse proposition holds, viz., the experimentally 
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known positions of maxima of light intensity and the hypothesis of light 
quanta lead to the conclusion that the most probable transfers of radiation 
momenta are quantized transfers. 

In some cases the most probable transfers are the only possible ones. 
Such are the cases of a diffraction grating or of X-ray reflection from a 
crystal. In other instances as e.g., in Young’s interference experiment the 
quantization locates only maxima of intensity. Thus a casual observer 
would be tempted to regard these latter cases as disproving the validity 
of Prof. Duane’s principle of transfer of radiation momenta in quanta. 

In what follows the writer believes to have shown that even some of the 
most classical of interference phenomena support the Principle of Quan- 
tized Radiation Momentum if a procedure analogous to an application 
of the Principle of Correspondence is made use of. 
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FIGURE 1 
The theory is most easily applied to instruments of high resolving power. 
Thus the grating constitutes the simplest element from the point of view 
of quantum theory and other diffracting systems will be built out of gratings 
in our theory just as the classical wave theory builds everything out of 
point sources. 
2. The Diffraction Grating of Infinite WidthConsider the diffraction 
grating GG (Fig. 1) on which light quanta are incident normally. Some 
of the light quanta fall on the material between the holes of the grating 
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and are reflected or absorbed. Others penetrate through the holes. They 
either pass undeflected or a momentum » is jmparted to them in a direction 
along the grating leaving the total energy of the quantum hy practically 
unchanged. The momentum we imagine to be due to the motion of 
something along the grating [say an electromagnetic disturbance or pulse]. 
If p is constant during this characteristic motion the values of p which 
are permitted by the quantum theory obey the usual quantum rule 


ap = rf pdx = Nh (1) 
0 


where a is the grating space. The right triangle with O as vertex |Fig. 1] 
gives now at once the angles through which quanta may be deflected. 
By (1) 

sin 6 = pc/hyv = nxX/a (2) 


the usual form of the grating law. In general if the quantum is incident 
on the grating at an angle 7 we find that 


sin 6 + sint = nd/a (3) 


agreeing again with the classical result. 

In postulating the truth of (1) we suppose the grating to be infinitely 
wide for otherwise the characteristic motion along the grating is not 
strictly periodic. 

The experimental facts about the intensities of the spectra of various 
orders when combined with a procedure analogous to an application of the 
Principle of Correspondence enables one to draw conclusions about the 
nature of the characteristic motion. Thus if spectra of different orders 
turn out to be of equal intensities [narrow grating lines] the Fourier ex- 
pansion of the motion must contain to within the same range of values of 
N terms of equal magnitude. 

3. A Finite Number of Narrow, Parallel, Coplanar, and Equal Slits.— 
Let us consider a system of m equal, coplanar, parallel, and narrow slits. 
We imagine the characteristic motion taking place across the slits. If 
we knew the exact manner in which each slit affects the characteristic 
motion we could find the resultant motion. This could then be expanded 
into a Fourier Integral. The meaning of a Fourier Integral is the same as 
that of a Fourier Series the period of which has been made infinitely 
great. If the period of the Fourier Series is very great it has always a 
definite period and consequently, if we should represent the Fourier In- 
tegral as the limit of a Fourier Series, we should be dealing with a motion 
which has a very long but finite period. We postulate that it is legitimate 
to apply physical considerations to this motion and to pass to the limit 
while making the period infinite. 
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In the Fourier Series representation the peculiarities caused in the motion 
by each of the slits are reproduced periodically at distances equal to the 
period of the expansion. The various reproductions of the system of slits 
we shall call images. Let the distance between homologous points of 
two successive images be a. Homologous slits of all the images form then 
a grating of grating space a. The characteristic motion corresponding 
to this set of slits is then of the type 2,(b, cos 2rnct/a + a, sin 2nct/a) 
where a?,, + b?,, is a measure of the intensity of the mth order diffraction 
and may be imagined to be decreasing regularly with an increase in m. 
The nature of the dependence of a’,, + b?,, on the angle of diffraction 
associated with it we shall suppose known. By so doing we do not re- 
strict ourselves more than in the classical optical theory when an obliquity 
factor is introduced. ‘The constant c is assumed to be the velocity of light. 

Let the slits of the same image have distances x1, %2,..., %» from an 
arbitrary point |+ when to the right]. We suppose that the characteristic 
motions due to either of these may be superposed in getting the motion as 
affected by all. Then the resultant motion is 


y= ¥" ve E cos aces + a, sin Brel) (4) 


n=O i=1 


The sum of the squares of the coefficients of the cos and sim terms in 
2mnct/a is again proportional to the probability of the nth quantum transi- 
tion, i. e., of a transition in which n/a = (sin 6)/A. Substituting this 
value of n/a into (4) and considering the mth term only we see that the 
m 2 m 
square of its amplitude is (b?, + a?,) (> cos rs) + (s sin ni) | 
Lb \i=0 i=0 
where 7; = 27x; sin 0/A. Remembering now that b?, + a?, is the in- 
tensity which would be caused by a single slit we see that the above ex- 
pression has precisely the classical value for the (amplitude)? of a vibration 
compounded of m vibrations having phase differences 7;. 

4. A Slit of Finite Width.—In the above treatment we have considered 
each slit as marking a period in the motion of the pulse that passes it. 
It becomes of interest to see whether it is possible to give a picture of the 
characteristic motion which will give values of a, and 6, varying regularly 
and approximately equal for small values of n. 

A simple type of motion which can be associated with a slit is one rep- 
resented on figure 2 where A,D, is the slit and O:ABCDO; isthe path. The 
Fourier Analysis of this case is represented essentially by 


Asly + > sin" cos me. 
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where a/2r is the ratio of BC to A, the latter denoting the distance between 
homologous points of successive images arid where AB = A. It is clear 
that for small values of m the amplitudes of the various harmonics be- 
come equal. To this extent the picture of figure 2 is satisfactory. 

It appears, however, that if the theory here discussed is correct figure 
2 represents the actual behavior of a slit. For if b should stand for the 
width of the slit, the probability of a quantum transition associated with 
the angle @ is proportional to 


f. nave . mbsiné\ 9 
sin > sin Xr 
> na = wb sin 6 

2 d 


where the substitutions a = 27b/a and n = a sin @/X have been made. 

The path O,ABCDO, appears to be the only type of path in which two 
neighboring slits when moved together so that their dividing line almost 
disappears give in the limit a path identical with the path of the two 
slits when their dividing line has completely disappeared. 


Ba ~- L 

4 A 

2 A D : (ap 
A, 2, 


FIGURE 2 
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It is now clear that we are able to treat any system of coplanar parallel 
slits. 

5. Relation to Classical Diffraction Theory.—In the above we made use 
of three assumptions: (a) the quantum law of a wide grating; (b) the possi- 
bility of representing a single slit or a narrow grating as one element of a 
wide grating of a large grating space; (c) a mathematical postulate as to 
probabilities of transitions which is analogous to Bohr’s Principle of Corre- 
spondence. Assumption (a) is the fundamental one and may be discussed 
without the aid of (b) in the case of a wide grating. 

There is an essential difference between our points of view on diffraction 
in the classical and in the quantum theory. In the classical wave theory 
we consider a wave train falling on the grating and by using the wave 
theory of light we find that the energy of the incident train reappears 
after diffraction in certain portions of space which at some distance away 
from the grating form a fan like structure of planes. Thus the incident 
energy is thought of as subdivided into parts. It must be conceded that 
this classical conception when applied to light is very conventional inas- 
much as the existence of energy in space can concern us only if we detect 
this energy. 
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In the quantum theory the subdivision of hy into smaller parts can also 
be imagined while it is in empty space. However such a subdivision will 
not be detected experimentally and will have the character of an abstract 
theory. For this reason it is more convenient to think only of the facts 
which have a bearing on our experiments and to operate with Ejinstein’s 
light quanta. 

Nevertheless it is useful to avail ourselves of the wave theory in dis- 
cussing the laws of light quanta. We can try, for example, to construct 
a mechanism with some classical features which will involve some of the 
elements of quantum theory. Let us imagine a hydrogen atom H, at 
the focus of a parabolic reflector P,; and a hydrogen atom Hz at the focus 
a parabolic reflector P,. The grating GG is placed so as to diffract rays 
of frequency » directed along the axis of P, into rays along the axis of P». 
The axis of P; is perpendicular to GG and that of P» is oblique. Hj is in 
the excited state. Its electron falls from an outer orbit into the innermost. 
A quantum hy is emitted. This is absorbed by H2 and brings H2 into the 
excited state. During the process of absorption by He a wave is emitted 
by He and this travels back to GG where it is also diffracted. The wave 
emitted by H, has a momentum normal to GG. The momentum of the 
radiation from H, has a component parallel to GG. This component 
takes the place of the quantized radiation momentum. 

We now can find an interpretation of our application of the Principle 
of Correspondence. ‘The wave from H; on reaching GG produces secondary 
wavelets and these travel along GG with the velocity of light. ‘They are 
connected with electrical disturbances in GG—say motions of electrons. 
As the whole pulse moves across the grating its head takes in new grating 
lines. Thus the line AB of figure 2 could be thought of as the acceleration 
of the electron at the head of the pulse. 

These accelerations may be considered as having equal weights for all 
of the lines of the grating only if distant points are considered. Thus the 
theory may not be logically applied to Fresnel diffraction phenomena. 
Perhaps it will be possible to treat these by means of the adiabatic hypoth- | 
esis or a more detailed application of the correspondence principle. | 


1 NATIONAL RESEARCH FELLOW in Physics. 
2 These PROCEEDINGS, May, 1923. 
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NOTE ON THE WIDTH OF SPECTRAL LINES DUE TO COL- 
LISIONS AND QUANTUM THEORY 


By G. Breit! 


DEPARTMENT OF PHYSICS, HARVARD UNIVERSITY 


Communicated May 29, 1923 


1. According to the classical wave theory collisions among molecules 
of a luminous gas produce a spectral width of the lines emitted by the gas. 
The width? discussed here is due to the fact that the Fourier analysis of a 
wave train involves a band of frequencies in the neighborhood of the main 
frequency of the wave train. It is the purpose of this note to point out 
that according to the quantum theory a broadening of the lines is to be ex- 
pected for the same reason and that the amounts of the broadening in the 
classical and in the quantum theories are nearly equal. 

The existence of the broadening effect is a direct consequence of a prin- 
ciple due to Bohr according to which systems which are not strictly mul- 
tiply periodic do not admit of sharp quantization. 

The magnitude of the effect can be estimated by imagining collisions of 
a simplified nature. Thus if the collisions should be exactly . periodic 
and all of exactly the same kind e.g., such as to reverse the phase of the 
motion the problem reduces itself to the type considered by Ehrenfest* 
and the writer. It is obvious from the treatment there given that a 
width of the spectral line is introduced. Since probabilities of transitions 
correspond to intensities of various harmonics in the motion the classical 
spectral width is also the spectral width to be expected on the quantum 
theory provided the motion considered in the classical theory is a properly 
chosen mean between the initial and final energy levels. 

Actual collisions are not periodic nor are they all of the same nature. 
Their effect can be approximated, however, by introducing a number 
of types of collisions each of a definite period and nature. As before there 
is a correspondence between the classical and the quantum theories. 

It may be postulated that in the limit as the number of periods introduced 
becomes infinite the result is still applicable. 

2. Intrinsic Width of Spectral Lines.—Let a hydrogen atom be entirely 
isolated and let radiation be the only means of disturbing it. The only 
part of the radiation which can seriously affect the atom is the part having 
frequencies in the neighborhood of the emission and absorption frequencies. 
To simplify matters let us consider with Einstein* only one of the fre- 
quencies v which corresponds to the emission line caused by the fall of the 
atom from the high energy level m to the low energy level u. 

Let the volume density in the frequency range »v —> v + dy be p(v)dy. 
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Let p(v) decrease indefinitely. We want to know whether in the limit 
of p = 0 the line v has a finite or infinitely small width. It seems proper 
to call this spectral width the intrinsic width of a line. 

Unless further reasoning is adduced it appears necessary to differentiate 
between the intrinsic width of an emission line and the width of the same 
line when considered in absorption. It is probable, however, that the 
two are equal. 

In fact they must be equal if a single atom of the kind considered is 
to remain in equilibrium when put into black body radiation. For if this 
atom should absorb one combination of frequencies and emit a different 
one it would in the course of time change the distribution of energy among 
frequencies by decreasing the energy density in the range which it absorbs 
and increasing it in the range into which it emits. 

Let us consider the emission width. According to Einstein, /. c., if 
p = 0 there is a finite probability that atoms should fall from m to in 
a finite time. Thus there is a quasiperiodic modulation of the motion of 
the electron. The times in the state m are lengthened indefinitely as p 
decreases. ‘The times in the state m maintain a finite length. Thus 
before the transitions m —» 1 there has been a disturbance in the in- 
ternal state of the atom owing to the transitions n —> m which may be 
conceived of as influencing the strictness of the quantum rules on account 
of the violation of the periodicity of the atom. If this view is correct, 
i.e., if itis correct to regard the immediately preceding history as an in- 
dication of the spectral width we should expect the emission lines to have 
a finite intrinsic spectral width and the absorption lines, corresponding to 
transitions » —> m preceded by extremely long quiet intervals, to have 
a vanishingly small intrinsic spectral width. 

If, on the other hand, the average state is an indication for both then 
we are concerned with the Fourier Analysis of a motion the essence of which 
is a homogeneous wave train to which an intermittent wave of the nature 
considered by Lorentz has been added. In the limit, the width of the spec- 
tral lines would become infinitely small. 

The writer sees no possibility of deciding which of the above points of 
view is the correct one if any. It seems to him, however, that the in- 
trinsic spectral width of a line considered in the manner of Sommerfeld and 
Heisenberg or Green® as following from the Correspondence Principle 
may be thought of also directly in terms of quantum theory by analogy 
with the cases of the first section of this note. From this point of view 
the time + of Compton® is fundamental and is thought of as impairing the 
strictness of quantum rules in a manner analogous to collisions. 


1 NATIONAL RESEARCH FELLOW in Physics. 
2 Lord Rayleigh, Phil. Mag., 29, 274-84 (1915); H. A. Lorentz, K. Akad. Amsterdam 
Proc., 18, 134-50 (1915). 
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3 P. Ehrenfest and G. Breit, [bid., 25, Nos. 1, 2. 

4 Phys. Zs., 18, (1917). Seige 

5 Sommerfeld and Heisenberg, Zs. Physik., 10, (1923) Green, Physic. Rev., April 
1923. 

6K. T. Compton, Phil. Mag., April 1923; W. Wien, Ann. Phystk., 60, 597-637 
and 66, 229-36 (1921). See also Foote and Mohler, The Origin of Spectra, pp. 91-97. 


CHANGE IN WAVE-LENGTH BY SCATTERING 
By P. A. Ross 
Puysics LABORATORY, STANFORD UNIVERSITY 


Communicated, June 6, 1923 


In a recent paper A. H. Compton! has shown that there is strong evi- 
dence of a change in frequency of X-rays and y-rays when scattered by 
paraffin, graphite, or aluminium. More recently? Compton has shown 
that theoretically the change in wave-length should be 


2h. @ 
AX = — sin’. 
mc 2 


where h is Planck’s constant, c the velocity of light, m the mass of an elec- 
tron, and @ the angle between the primary beam and the scattered radia- 


2 
my , ay 





* h(v-ay) 


C 
hv — ay) 


FIGURE 1 


tion. A. Sommerfeld in his recent lectures at the University of California 
arrived at a similar result, the essentials of the reasoning being as follows: 
A quantum of radiation of energy hy and momentum hv/c is absorbed by an 
electron of massm. ‘The electron acquires a momentum mv = hy/c. Later 
the electron emits the stored radiation in a direction @ with the primary 
beam. Unless @ = 0 the electron will not be left at rest but will have 
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momentum and kinetic energy. Then to satisfy the laws of conservation 
of momentum and of kinetic energy 


2 2 a 2 ci 
hv=h (v— Av) i ee and ()*=() +| se | —? hy h(v— Av) cos 6 
2 c c c c 
from which it may be shown that 


AX = » sin? : = .0484 sin? 
mc 


« € 


~~~) 


putting in for h, m, and c their values. 

From the preceding equation it would appear that the change in wave- 
length on scattering should be independent of the primary wave-length. 
This conclusion indicated by the theory has recently been tested in this 
laboratory by attempting to measure the shift for wave-lengths 0.708 A. and 
5461 A. 

Experimental Work.—The change was looked for in the visible spectrum 
using a Lummer-Gehrcke interferometer of resolving power 360,000 and 
comparing the position of the 
fine structure of the green mer- 
cury line in a beam scattered 
at 180° from paraffin with the 
fine structure in a direct beam. 
The beams came from the same 
small arc and were brought 
into the plate by a comparison 
prism at theslit. Noshift could 
be detected although from the 
theory it should have been easily 
seen. Multiple reflections at 
nearly 180° between silvered 
glass surfaces were also tried 
with negative results. 

The shift of X-rays was 
measured using a water-cooled 
molybdenum tube run at 42 kv. 
peak on 60 cycles and 25 to 
30 ma. discharge current. A 
photographic method was used ; 
with a fixed crystal of calcite FIGURE 2 
set so as to catch the a; and a, 
lines and a slit fine enough to separate the lines clearly. A comparison of 
the primary a and a, lines was first made using a second molybdenum 
tube and an exposure of a few minutes, then by a slight rotation of the 
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spectrometer the slit received the radiation scattered at 90° from a paraffin 
block during a run of from 60 to 100 hours. - The photographic method has 
the advantage over Compton’s ionization method that by using long ex- 
posures it is possible to use fine slits and high dispersion thus getting 
much greater accuracy. 

The spectogram reproduced here shows a 5 minute exposure at 4 ma. of 
the primary a and az lines, compared with a 100 hour scattering picture 
at 25 to30 ma. ‘The scattered radiation shows a strong broad line shifted 
by about .025 A., which agrees with theory and with Compton’s results, 
and a fainter unshifted line not reported by Compton. The unshifted 
line is important since its explanation may account also for the absence of 
shift with visible light. The explanation of both may be that some elec- 
trons are closely attached to the massive nucleus and niust scatter while 
nearly at rest. The width of the scattered lines is also of interest. It 
will be noted that there is uo sign of a separation of a; and az while they are 
clearly separate in the direct picture. This may yield some important in- 
formation about the motion of the scattering electron. Work with radia- 
tors other than paraffin and at various angles and primary wave-lengths is 
now in progress. 

From the equation for change in wave-length it will be seen that there 
should be a progressive increase in wave-length of the scattered beam as 0 
increases. If we use molybdenum a lines scattered from a paraffin block 
and an yttrium absorption screen in front of an ionization chamber we 
should get two distinct increases of transmission through the screen at 
about 63° and 74° corresponding to the shift of the a» (.7121 A.) anda 
(.7078 A.) past the yttrium absorption limit at .7255 A. ‘This work is 
now in progress. 

1 Compton, A. H., Bul. Nat. Res. Coun., Washington, 4, pt. 2, no. 20, Oct. 1922, pp. 


14-19. 
2 Compton A. H., Physic Rev., Ithaca, (ser. 2,) 21, p. 207, 1923. 


NOTES ON GERMANIUM OXIDE 
By E. L. NIcHOLS 


PuysIcAL LABORATORY, CORNELL UNIVERSITY 


Read before the Academy, April 24, 1923 


The Visible Spectrum.—The oxide of germanium is a white powder and 
highly refractory. It was tested by the following method which has 
been used in some recent studies of the luminescence of incandescent 
substances and which has been fully described elsewhere. 
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To determine brightness the powder, mounted on an alundum block 
was heated in an oxy-hydrogen flame and observed at various tempera- 
tures from the red heat to the fusing point by means of an optical pyrom- 
eter of the Morse type. Temperatures were estimated by settings with 
the pyrometer upon surfaces of uranium oxide contiguous to the germanium 
oxide; the two being heated in identically the same manner. 

The brightness of three regions of the spectrum centering about wave- 
lengths .65yu, .52u and .45y respectively, was measured at intervals of about 
fifty degrees throughout the range indicated above. As may be seen from 
Table I and graphically in figure 1, germanium oxide does not have the 
remarkable property first noted by Ch. Féry? in various other oxides, and 
subsequently investigated in much greater detail by the present writer 
and some of his co-workers’, of radiating selectively at certain tempera- 
tures with intensities greatly in excess of the corresponding ‘“‘black body” 
brightness. Its departures from black body radiation are sufficiently 
striking however, to deserve attention. 


TABLE 1 
VISIBLE RADIATION FROM GERMANIUM OXIDE 
Temp. c I,,(m. 1.) I, (in Millilamberts) I,/Top 
6565p 52u 4A5u 65yu 52yu 45 

837° .2286 .0083 0.256 .2286 0.036 0.112 1.000 

960° 3.900 .1500 0.261 3.900 0.038 0.067 1.000 
1097° 53.96 2.175 3.900 20.84 0.039 0.076 0.354 
1190° 246.7 10.45 16.09 25.65 0.042 0.065 0.112 
1263° 714.5 26 .00 71.41 25.77 0.036 0.100 0.036 
1328° 1779. 178 .7 408 .3 69 .02 0.118 0.251 0.042 
1370° 2761. 2768 . 1683 . 263 .7 1.000 0.608 0.095 


At the lowest stage of incandescence the red end of the spectrum is of 
scarcely appreciable brightness (at 800° C. less than four hundredths of 
the brightness of the corresponding region in the spectrum of a black body 
of like temperature) whereas the blue is comparable with the black body 
(brightness about 100% of that of the same part of the spectrum of the 
black body). The color of the germanium oxide at the red heat is there- 
fore bluish rather than ruddy. 

With rising temperature the longer wave-lengths increase much more 
rapidly than the blue and violet, and just above 1200° the distribution 
of brightness in the spectrum is approximately that of a black body and 
the tint is neutral. The brightness of the germanium oxide is however 
then less than one tenth of that of a black body at the same temperature. 

At still higher temperatures the red becomes increasingly dominant, 
and before fusion the red end of the spectrum approaches that of a black 
body in brightness, while the blue remains relatively weak (10% of that 
of the corresponding region in spectrum of a black body). The color of 














250 PHYSICS: E. L. NICHOLS Proc. N. A. S. 


incandescence is then ruddy as compared with that of a black body at the 
same temperature. 

These remarkable changes find more definite expression in figure 1 in 
which abscissae are temperatures in degrees centigrade, and ordinates 
are ratios (Io/I,,) of the brightness of the germanium oxide to that of the 
corresponding region in the spectrum of the uranium oxide at the same 
temperature. Since the radiation of the latter is very nearly equal to 
the black body radiation, the above ratio may, for present purposes, be 
considered as the relative brightness of the germanium oxide in terms of 
the corresponding brightness for similar wave-length and temperature of 
the black body taken as unity. 

As in all the incandescent oxides thus far studied, the visible radiation 
of germanium oxide depends not only upon the temperature, but also to 
a considerable extent upon the mode of heating, particularly as to the 
abundance or paucity of free oxygen in the flame, and upon the previous 
heat treatment, etc. The values given in Table I and shown graphically 
in figure I are for a sample previously heated to incipient fusion. 

Successive runs repeat themselves in kind, but not in every detail; 
the curves in figure 1, are, however, typical. 

Preponderance of blue at the lower temperatures and of red as fusion 
is approached, are constant features and the temperature at which the 
intensity curves for these regions 
? rF | cross each other appears to be 
ee Gro, always the same. What changes 
of physical condition accompany 
this reversal we do not know, as no 
studies of the electrical and other 
properties of germanium oxide 
through this range of temperatures 
have as yet been made. 

The obvious explanation of these 
idiosyncracies from the standpoint 
of the recent studies of incan- 


descent oxides already cited is as 
*x=,* 
so 7000 7 72008 1400° follows: 

FIGURE 1 























(1) At the lower stages of in- 
candescence there occurs a “blue glow’’* which is feeble compared with 
that obtained with some other oxides, such as Al,O3, SiO. or BeO, the blue 
of the spectrum of which at a low red heat may be hundreds of times as 
bright as the corresponding region in the spectrum of a black body. At 
the reversal point (1225°) this disappears and radiation becomes normal 
and nonselective. 

(2) This is followed at still higher temperatures by a second very mod- 
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erate outcropping of luminescence which affects the longer wave-lengths 
of the visible spectrum chiefly, and which culminates only as the melting 
point of the oxide, which is indicated by the dotted vertical line F in figure 
1 is approached. 

Luminescence by Flame Excitation.—Like the closely related oxide of 
titanium (TiO.) germanium oxide is not luminescent under the action of 
the iron spark. When brought into contact with a hydrogen flame, how- 
ever, it is feebly excited within the active zone of the flame. The glow is 
a pale blue-green in color and barely perceptible. At a temperature 
below that of incandescence, this faint luminescence is supplanted by a 
much stronger ruddy glow, quite like that which is observed when TiO, 
is similarly treated. The luminescence might now be easily mistaken for 
ordinary incandescence but for its color which is an almost pure red, and 
for the fact that it is confined to the active zone of the flame. The sub- 
sequent change to a yellow luminescence, which occurs in the case of 
titanium oxide at 677° C., has not been observed perhaps because ger- 
manium oxide in the hydrogen flame begins to darken before that tempera- 
ture is reached. 

The Melting Point.—That consistent and accurate determinations of the 
melting points of solids may be made by observing the fusion of minute 
portions as seen under the microscope is well known. ‘The present writer 
used this method in the calibration of thermo elements for the study of 
flame temperatures, many years ago’ and the procedure was subsequently 
developed and perfected by Burgess® at the U. S. Bureau of Standards. 
The fusion of the germanium oxide, which was observed to take place 
regularly when the optical pyrometer indicated a temperature of 1400°, 
may therefore be taken as a closely approximate indication of the melting- 
point of that substance. The estimation is probably correct within a 
few degrees. For the sample used in these experiments the author is in- 
debted to Professor L. M. Dennis under whose direction the oxide was 
prepared. 


1 Nichols and Howes, Physic. Rev., Ithaca, (Ser. 2), 20, p. 400 (1922). 

2 Ch. Féry, Ann. Chim. Phys., Paris, (Ser. 7), 27, 483 (1902). 

3 Nichols and Howes, Physic. Rev., (Ser. 2), 19, 300 (1922). 

4 Nichols and Howes, J. Opt. Soc. Amer., 6, p.40 (1922). 

5 Nichols, Physic. Rev., 1, 1900 (234). 

6 Burgess, Bureau of Standards, Bulletin, No. 3, p. 346; No. 60, p. 475. 
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THE CORRELATION OF RESPIRATORY AND CIRCULATORY 
DATA FOR ADULT MALES 


By CLARK WISSLER 


AMERICAN MUSEUM OF NATURAL HISTORY 


Communicated May 19, 1923 


In 1918 Dr. Jesse G. M. Bullowa collected observations supplementary 
to the required examinations for military service which were placed at 
the disposal of the writer. The present paper presents in advance some 
of the results from a group of 385 men as to pulse, respiration rate, blood 
pressure, and rectal temperature. So far as the writer’s observation 
goes, practically no use has been made of the methods of correlation in 
the study of the interrelations between these functions in a normal group, 
with the one exception of pulse and respiration rates (Julia Bell, Bio- 
metrica, vol. 8, pp. 232-5). Consequently, the calculations according to 
the Pearson formula have been made for the pairs of observations given 
in the table. 

Thus, pulse counts were taken, as initial count (1), then another (2), 
after a brief period of exercise, and a third (3), after two minutes rest. 
One of the first questions to arise is, will a given individual keep the same 
rank in each? Naturally, there will be some variation, but no method 
will satisfactorily express this range except the method of correlation. 
Referring to the table we note that the coefficient of correlation for Pulse 
1 and 2 is +0.73. The other counts show somewhat higher coefficients. 
This is a high correlation for variable phenomena and indicates that in 
the main each man kept his initial rank in pulse rate throughout the test. 
In other words, the exercise introduced a constant, or all tended to respond 
equally to the test. Those with a slow pulse were accelerated to the same 
degree as those with a fast pulse. 

Pulse rate also correlates with respiration rate to a medium degree 
(+0.45) and only to a moderate degree with temperature. It fails to 
correlate with blood pressure and shows but a slight tendency to correlate 
with mobility of the chest. 

As to the blood pressure, we note that the correlations with pulse, 
respiration rate, and temperature are approximately 0. Even D and S 
pressure correlate with each other but slightly. 

As we have stated, the chances are that a fast pulse will be accompanied 
by a fast breathing rate, but breathing rate and chest mobility give a 
negative correlation; i.e., if the mobility of the chest is high, the breathing 
rate will be low, and the reverse. So far as known to the writer this ob- 
servation has not been made before. It probably means that a man with 
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a mobile chest automatically breathes deeply. Anyway, these functions 
are tied together in this compensatory way. 

Many other intersting aspects of these data will be given in the complete 
publication to be issued by the American Museum of Natural History. 
It is hoped that when fully presented these data will give a true picture of 
the ranges and variabilities for these functions in a group of males selected 
at random, a sample of our population. 

TABLE OF CORRELATIONS 


18—27 years n ’ 
Pulse 1 and 2 163 +0.73 
Pulse 1 and 3 164 +0.85 
Pulse 2 and 3 163 +0.86 
Pulse 3 and Mobility 159 +0.12 
Pulse 3 and Blood Pressure (D) 155 +0.06 
Pulse 1 and Respiration Rate 171 +0.45 
Pulse 3 and Respiration Rate 155 +0.25 
Pulse 1 and Temperature 170 +0.22 
Mobility and Vital Capacity 149 +0.47 
Mobility and Respiration Rate 170 —0.34 
Respiration Rate and Temperature 171 +0.05 
Respiration Rate and Blood Pressure (S) 171 —0.03 
Blood Pressure (S) and Pressure (D) 177 +0.15 
Blood Pressure (S) and Temperature 171 +0.06 

18—45 years 
Pulse 1 and Temperature 385 +0.20 
Mobility and Respiration Rate 388 —0.46 


STUDIES OF THE LARGER TERTIARY FORAMINIFERA FROM 
TROPICAL AND SUBTROPICAL AMERICA 


By T. WAYLAND VAUGHAN 


U. S. GEOLOGICAL SURVEY, WASHINGTON 


Read before the Academy Apri 23, 1923 


For more than a year I have been principally engaged on an investigation 
of the Tertiary larger foraminifera of America in order to make more se- 
cure the basis of certain geologic correlations, to extend the correlation 
ring in the Caribbean region, and to work out in more detail the morpho- 
logical features of the species of several genera, especially the genus Lepi- 
docyclina and its allies. Some of the results of these investigations are here 
reported. 

Dictyoconus in Florida.—The discovery of specimens of Dictyoconus 
in material from surface exposures, considered by C. W. Cooke as of 
Oligocene age, near Live Oak, Florida, suggested the desirability of com- 
paring with them the specimens from Florida wells identified by J. A. 
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Cushman as Orbitolina, and on which he based his opinion that deposits 
of Lower Cretaceous age occur at relatively shallow depths in Peninsular 
Florida.’? A number of specimens examined by Doctor Cushman were 
kindly lent me by Mr. Herman Gunter, State Geologist of Florida. Many, 
if not all, of the specimens identified by Cushman as Orbitolina prove to 
belong to the genus Dictyoconus*»‘ and, although in many respects similar 
to, they are not the same as the Orbitolina from the Lower Cretaceous 
of Texas. The specimens from a depth of 1790 feet at Marathon, Florida, 
belong to the same species as specimens found in surface exposures near 
Live Oak; and a specimen from a depth of 1850 feet in the same well ap- 
parently belong to a species, D. codon Woodring, ms., common in the 
Eocene Plaisance limestone of Haiti.’ There is no known evidence of 
deposits of Lower Cretaceous age occurring at relatively shallow depths 
in Florida, the deposits considered by Cushman as of Lower Cretaceous 
age being, according to the material I have examined, of either Oligocene 
or Eocene age. 

Orthophragmina in the Ocala Limestone of Peninsular Florida.—-The 
Ocala limestone in Peninsular Florida was correlated by Cooke*® with 
the upper Eocene Jackson formation of Mississippi on the basis of its 
molluscan fauna. Later Cushman described species of Lepidocyclina, 
Operculina, and Heterostegina, but did not record any species of Ortho- 
phragmina. Because of the lack of any record of Orthophragmina the 
fauna of the Ocala limestone in Peninsular Florida appeared discrepant 
in comparison with other upper Eocene faunas. Careful examination of 
samples of Ocala limestone from Ocala, near Citra, and near Gainesville, 
Florida, has resulted in the discovery of abundant specimens of Ortho- 
phragmina (Discocyclina) flintensis Cushman near Gainesville, and a very 
similar, but new, species at the other localities, and, thereby, has har- 
monized with other upper Eocene faunas the foraminiferal fauna of the 
Ocala limestone of Peninsular Florida. 

Horizon of the Topotypes of Lepidocyclina Vaughani.—The topotypes 
of Lepidocyclina vaughani do not come from the Emperador limestone of 
Panama, as MacDonald supposed.’ Since Lepidocyclina canellet, which 
appears to be restricted to beds of the age of the Culebra formation, oc- 
curs with L. vaughani at the type locality, the type of L. vaughani belongs 
in the Culebra formation, a conclusion which is also supported by strati- 
graphic evidence. The specimens identified by Cushman as L. vaughani 
from the exposures near Miraflores Locks, Panama,® referred to the Em- 
perador limestone, represent another species, to which the name Lepi- 
docyclina miraflorensis Vaughan, nom. nov., is here applied. This dis- 
crimination removes the confusion that resulted from the erroneous corre- 
lation with one another of two distinct formations, of which the Culebra 


is the older. 
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‘Lepidocyclina Vaughani Cushman and L. canellei Lem. and R. Douv. 
in the Island of Antigua.—Recently Mr. W. R. Forrest has submitted to 
me specimens of Lepidocyclina vaughani and L. canellei Lem. and R. 
Douv. from Half Moon Bay, Antigua. The exposures at this locality 
can, therefore, be correlated with the Culebra formation of Panama, 
Detailed information on the stratigraphy at Half Moon Bay is lacking; 
but, from my studies in Antigua in 1914 and from information contributed 
by Mr. Forrest, my inference is that the beds that contain L. vaughani 
and L. canellei lie stratigraphically a little higher than the middle Oli- 
gocene Antigua formation and are approximately the equivalent of the 
European Chattian. 

Oligocene Deposits in Northern Colombia.—The presence of a great 
development of Miocene deposits and of Eocene deposits in northern Co- 
lombia has been known for some time, but deposits of Oligocene age had 
not been recognized. Recently Mr. H. S. Gale has submitted to me 
specimens of Foraminifera, mostly from localities in the Department of 
Bolivar, representing at least two horizons. The collection from the 
lower horizon contain specimens of Lepidocyclina sp. aff. L. crassata Cush- 
man and Lepidocyclina sp. aff. L. Gigas Cushman. A higher bed contains 
Lepidocyclina canellei var. yurnagunensis Cushman. ‘These fossils and 
their stratigraphic relations indicate that there are in northern Colombia 
deposits of middle and upper Oligocene age. All of the larger divisions of 
the Tertiary, therefore, are well represented in that part of South America. 

The. Embryonic and Meridional Chambers of American species of Lepido- 
cycline Foraminifera.—Lemoine and R. Douvillé, H. Douvillé, and J. A. 
Cushman have published valuable but insufficient information on the 
embryonic and meridional chambers of the American Lepidocycline Foram- 
inifera. Specimens of most of the American species have recently been 
sectioned in the horizontal plane and photographs, enlarged 20 times, 
have been made. The meridional chambers can now be described for 
nearly all the American species of which specimens are available; and the 
embryonic chambers are now known for between 35 and 40 species, in- 
cluding the species investigated by previous students. The classification 
of types of embryonic chambers proposed by H. Douvillé is adopted for 
the present, although modification may later be made. There is doubt 
as to the constancy of the type of embryonic chambers in all individuals 
of the same species. The following types are recognized: 

(1) Embryonic chambers composed of more than two chambers, ar- 
rangement spiral, subspiral, or not entirely definite, Pliolepidina of H. 
Douvillé. Example, an undescribed species from the Eocene of Chiapas. 
Type species not designated, but L. tobleri H. Douvillé may be taken as 
the type. This type is common in the upper Eocene and seems to extend 
into the Oligocene. 
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(2) Central chamber partly enveloped by an outer chamber, Nephro- 

lepidina of H. Douvillé. Example, L. fragilis Cushman, probably basal 
Oligocene, Marianna, Florida. Type species, L. marginata (Mich’t.). 
Other examples are L. floridana Cushman, L. chattahoocheensis Cushman, 
and L. vaughani Cushman. Upper Eocene and Oligocene. 
. (3) Initial chamber thin-walled, enveloped by an outer thicker-walled 
chamber and attached to the wall of the enveloping chamber, Eulepidina 
of H. Douvillé. Example, L.favosa Cushman. ‘Type L. dilatata (Mich't.). 
L. raulini Lem. and R. Douvillé also typical. At present known only in 
the middle Oligocene of America. 

(4) Two embryonic chambers, subequal in size, Lepidocyclina s. s. 
Typified by L. mantelli (Morton), the genotype of Lepidocyclina Gimbel. 
H. Douvillé has proposed the invalid subgeneric name Jsolepidina for this 
group. Other species having this type of embryonic chambers are L. 
canellei Lem. and R. Douv., L. supera (Conrad), L. miraflorensis Vaughan, 
L. parvula Cushman. Geologic range upper Eocene and Oligocene. 

The following types of meridional chambers have been recognized: 

(1) Chambers arranged in intersecting, outwardly convex curves. 

(a) Walls of inner (proximal) half of the chamber converge to an 
acute or an obtuse apex; outer (distal) wall convex outwardly. Most of 
the Eocene species possess this kind of meridional chambers. Typeform, 
a new species from Chiapas, Mexico. The meridional chambers of this 
type are very like those of true Orbitoides, type O. media (d’Archiac). 

(b) Walls of the chambers forming hexagons. ‘Typified by L. man- 
telli (Morton). This is the common Oligocene type; to it belong L. 
supera (Conrad), L. canellet Lem. and R. Douv., L. miraflorensis Vaughan, 
and many other species. It is also represented in the upper Eocene by 
L. georgiana Cushman and other species. 

(c) Plan of the chamber walls intermediate between (a) and (b). 
Typified by L. mortoni Cushman and L. ocalana Cushman. Species be- 
longing in this category occur at the top of the Eocene. 

(d) Chambers either quadrangular (nearly square) or rhomboid, 
one corner directed proximally, the other distally. Typified by Lepido- 
cyclina vaughani Cushman. Lepidocyclina duplicata Cushman and Lepi- 
docyclina hayesi (Cushman) Vaughan are other examples. Chambers of 
types (a) and (b), above, grade into this type. The stratigraphic range is 
from probably upper Eocene to late Oligocene. 

(2) Chambers arranged radially. 

(e) Another type of meridional chambers may be suggested: Ex- 
ample, L. antillea Cushman of the Eocene of St. Bartholomew, W. I. 
The shape of the meridional chamber is somewhat similar to (a), above, 
but the tangential diagonal is longer than the radial and.the arrangement 
is approximately along radial lines and not distinctly according to inter- 
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secting curves. Embryonic chambers in microspheric form a rather closely 
coiled spiral. 

Most of the American species of Lepidocycline Foraminifera can now 
be referred to the categories above indicated. The investigation here 
outlined is leading to a more refined classification of the organisms con- 
sidered and, consequently, more accurate geologic correlations. It also 
promises to throw considerable light on the evolution of Lepidocyclina 
and related genera. Even now it seems that there is an evolutionary se- 
quence from the more ancient Eocene forms, which have meridional cham- 
bers with more or less pointed inner ends and curved outer walls, to the 
species with hexagonal and rhomboid chambers; and from Pliolepidina 
to Lepidocyclina, s.s. But before the investigation can be brought to a 
satisfactory end, other morphological features need careful study, and all 
the features must be evaluated systematically, stratigraphically, and phy- 


logenetically. 

Lepidocyclina miraflorensis Vaughan, n. sp. 

Lepidocyclina vaughani (part.) Cushman, U. S. Nat. Mus. Bull., 103, p. 93, 
pl. 37, figs. 1, 2, 3, and 5 (not pl. 37, fig. 4, nor pl. 38), 1919. 

Lepidocyclina vaughani (part.) Cushman, U. S. Geol. Survey Prof. Paper, 
125, p. 64, 1920. 

Lepidocyclina miraflorensis is of about the same diameter, 10 mm., as L. vaughani, 
and both are sublenticular in form, but they differ in the following details: The margins 
of L. miraflorensis are somewhat swollen but are rounded, not so much thickened and 
abruptly truricate as in L. vaughani. There are no stout pillars in the vertical sections 
of L. miraflorensis, while there are such pillars in L. vaughani. ‘The embryonic chambers 
of L. miraflorensis are subequal (see pl. 37, fig. 3, of Cushman’s paper cited above), 
while those of L. vaughani are of the Nephrolepidina type. The meridional chambers of 
L. miraflorensis are hexagonal, while those of L. vaughani are quadrangular or rhomboid. 

Type locality: Half a mile south of Miraflores Locks, Panama Canal Zone, limy 
sandstone that appears to belong to the Emperador limestone, U. S. G. S. Station 6255. 
Collection by Dr, D. F. MacDonald. 

Cotypes: U.S. National Museum. 
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Locomotion is usually looked upon as being simpler in Amoeba than in 
any other anigual. It is therefore not surprising that beginning with 
Résel von Rosenhof in 1755 it has been very extensively studied in this 
form. Asa result of this work many hold that the problem has been solved. 
They maintain that locomotion in Amoeba is the result of local reduction 
in surface tension and that it is essentially like movement in a globule of 
mercury produced by such reduction. (Berthold 1886, Biitschli 1892, 
Rhumbler 1898-1910, Hirschfeld 1909, McClendon 1912, et al.) 

There are unfortunately, however, a number of processes which are 
not in accord with this view. (1) The upper surface in many species 
moves forward in place of backward as it does in the movement of a globule 
of mercury. (Jennings 1904.) (2) Amoebae sometimes cut paramoecia 
in two; this requires many times as much energy as can be produced by 
changes in surface tension in systems like.a globule of mercury. (Mast 
and Root 1916.) (3) Amoebae go away from regions of higher tempera- 
ture in place of toward them as would be expected if movement is due to 
local reduction in surface tension. To meet these difficulties contrac- 
tility, imbibition, adhesion, cohesion, solation and gelation have been 
suggested as factors in. locomotion. (Jennings 1904, Dellinger 1906, 
Mast and Root 1916, Libbie Hyman 1917, Leo Loeb 1920, Schaeffer 
1920, Chambers 1921, et al.) But how these factors are supposed to 
operate has not been made clear. 

It is usually maintained that Amoeba consists of a granular portion, 
‘the: endosarc, surrounded: by .a hyaline layer, the ectosarc. Some hold 
that there is on the surface a thin membrane (Schaeffer 1917, Seifriz 1918, 
‘Edwards 1923). 

By careful observations on Amoeba proteus in motion the following 
‘structures can be clearly differentiated: (1) A central elongated fiuid 
’ portion; (2) A solid layer surrounding the fluid portion; (3) A very thin 
elastic surface layer or membrane. The first I shall designate the plasma- 
sol, the second the plasmagel and the third the plasmalemma. 

_ The plasmasol begins some little distance from the posterior end of the 
amoeba, extends forward with branches running into all of the pseudo- 
pods, where it ends in an enlargement very near the tip, provided the 
pseudopods are extending. It is a fluid containing numerous granules 
of various sizes, crystals, food and water vacuoles and usually the nucleus. 
it varies greatly in size in different individuals and in the same individial 
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at different times, sometimes being confined to a mere pore occupying the 
central part of the body, and at others extending very nearly to the sur- 
face on all sides. 

The plasmagel consists of an inner granular portion (granuloplasm) 
and an outer hyaline portion (hyaloplasm). The granular plasmagel 
is in structure precisely like the plasmasol except that it is solid. It is 
a fairly rigid sac-like layer covering the plasmasol except the enlarged por- 
tions near the tips of the pseudopods. It varies greatly in thickness, being 
thick when the plasmasol is small and thin where it is large. The hyaline 
plasmagel is optically nearly homogeneous. It is a layer of gel which en- 
tirely covers the granular portion of the plasmagel and the enlarged por- 
tions of the plasmasol, that is, it is in the form of a closed sac. 

The plasmalemma is optically very much like the hyaline plasmagel. 
It consequently can be seen in living specimens only under favorable con- 
ditions. Its presence can, however, be conclusively demonstrated by ob- 
serving the movement of particles adhering to it in relation to the move- 
ment of the hyaloplasm underneath. The hyaline plasmagel and the plas- 
malemma constitute the ectosarc; the granular plasmagel and the plas- 
masol, the endosarc. 

During locomotion the plasmasol is continuously actively flowing 
forward into the enlargements near the tips of the pseudopods just in 
front of the opening in the granular plasmagel sac, and at the edge of this 
opening it continuously changes from a sol to a gel, that is, the sac of 
granular plasmagel is extended forward by material from the plasmasol 
deposited all along the edge of the opening in it, much as a chimney might 
be extended by carrying brick and mortar up through it and depositing 
them on the wall surrounding the opening. At the posterior end the 
granular plasmagel is continuously going into solution on the inner surface 
where it comes in contact with the plasmasol. 

If a given granule in the plasmasol is continuously observed it can be 
seen to move forward in the neighborhood of the central axis of the amoeba © 
until it reaches the enlarged portion near the tip of a pseudopod and then 
to deflect outward where it sooner or later comes in contact with the edge 
of the opening in the sac of granular plasmagel where it is caught in the 
gelation of the fluid in which it is suspended and becomes stationary in 
reference to points outside, regardless as to whether it is to the right or the 
left or above or below the plasmasol. As more and more substance from 
the plasmasol is deposited at the anterior border of the granular plas- 
magel the amoeba moves forward and the observed granule approaches 
the posterior end where it sooner or later comes to the inner surface of the 
plasmagel. Here the substance in which it is imbedded goes into solution 
carrying the granule into the plasmasol in which it is again transported to 
the anterior end where it again enters the plasmagel, etc. 

The hyaline plasmagel moves continuously with the granular plasmagel, 
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there being no sharp line of demarcation between them. It goes into 
solution at the posterior end being transformed with the granular plas- 
magel into plasmasol in which it is carried forward to the enlargements 
near the tips of the pseudopods. Here it changes to a gel and is de- 
posited at the anterior surface immediately below the central portion, thus 
continuously building up the sac of hyaline plasmagel by a sort of inter- 
polation or imbibition. In this way the plasmagel is extended at the 
anterior end as rapidly as it is broken down at the posterior end, the plas- 
masol changing into plasmagel at one end and the plasmagel into plasmasol 
at the other. 

The plasmalemma is highly elastic, fairly tough and sufficiently differ- 
entiated from the plasmagel to admit of free movement over it. As the 
amoeba moves forward the plasmalemma on the upper surface moves for- 
ward sliding over the plasmagel and turning down at the anterior end where 
it comes in contact with the substratum to which it adheres. Here it 
remains stationary in reference to points outside and points in the plas- 
magel until, owing to forward movement of the amoeba, it reaches the 
posterior end where it moves upward and forward again, like the drive- 
belt in a caterpillar engine. In free pseudopods or in amoebae attached 
only at the posterior end it remains stationary or moves forward at the 
same rate on all of the surfaces. There is no evidence indicating that the 
plasmalemma is transformed into plasmagel or plasmasol except in the 
formation of food vacuoles. It appears to be a fairly permanent structure. 
That it is highly elastic is evident from the fact that it is continuously 
readjusted so as to fit the multifarious changes in form observed in this 
organism. When a pseudopod is extended into the water free from the 
substratum, the plasmalemma is stretched out. It is not built up at the 
tip like the plasmagel for particles adhering to it can be seen to move for- 
ward on all surfaces while particles in the plasmagel are stationary in refer- 
ence to points outside. What then are the factors involved in locomotion? 

The plasmasol is hypertonic and the plasmagel and the plasmalemma 
are semipermeable. This results in an excess inflow of water and a stretch- 
ing of these layers until their elasticity equals the diffusion pressure and 
a state of equilibrium is reached with considerable outward pressure. 
When a pseudopod is formed the granular plasmagel liquifies locally and 
the hyaline plasmagel in the same region softens. This produces a local 
decrease in the elasticity of these layers with the formation of a protuber- 
ance, a pseudopod. As this is formed there is contraction, especially at 
the posterior end, resulting in forward movement of the plasmasol: this 
contraction is confined largely to the granular plasmagel, for the hyaline 
plasmagel and the plasmalemma in this region are frequently thrown 
into folds, showing that the inner surface of the plasmagel decreases more 
than the outer. As the plasmasol moves forward and the plasmagel 
inward at the posterior end, the inner surface of the latter goes into so- 
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lution, and as it goes into solution it swells resulting in a continuous for- 
ward push. There are, therefore, two forces involved in the flow of the 
plasmasol, the elasticity of the plasmagel and solution or imbibition pres- 
sure resulting in the continuous change of plasmagel to plasmasol at the 
posterior end. As the plasmasol reaches the anterior end it changes to 
plasmagel as previously described with a decrease in volume. ‘This also 
tends to induce forward flowing in the plasmasol. All of these processes 
being continuous there is a continuous forward flow. 

The plasmalemma is of no significance in the mechanics of locomotion 
except insofar as its adhesion to the substratum makes forward move- 
ment possible. It is so elastic compared with the plasmagel that con- 
traction and expansion in it are relatively unimportant. This becomes 
evident especially in high temperature when the hyaline plasmagel at 
the tip of the active pseudopods often’ suddenly breaks. When this oc- 
curs the plasmasol immediately back of it can be seen to rush through the 
break and stretch the plasmalemma forming a prominent bulge. This 
results in a decrease in the outward pressure, and in the turgidity of the 
whole system, after which a new layer of hyaline plasmagel forms under 
the extended plasmalemma again increasing the strength of the wall at 
this point until an increase in turgidity to normal is possible. 

The fundamentals in locomotion in Amoeba consist of the following: 
(1) Hypertonic solution surrounded by a semipermeable membrane re- 
sulting in turgidity. (2) Local swelling of the plasmagel at the tip of the 
formihg or advancing pseudopods with decrease in elasticity. (3) Con- 
traction in the rest of the plasmagel with liquefaction on the inner surface 
at the posterior end resulting in forward flow of the plasmasol. (4) Gela- 
tion of the plasmasol at the outer posterior border of the anterior enlarge- 
ment of the plasmasol forming new granular plasmagel and at the anterior 
surface of this enlargement forming new hyaline plasmagel. (5) Adhesion 
of the plasmalemma to the substratum. 

It can readily be seen how these processes could furnish enough energy 
to account for the phenomena observed in the behavior of Amoeba. The 
energy doubtless originates in oxidation and other chemical changes in 
the organism. But how it is transformed from this form into the forms in 
which it manifests itself in the perceptual processes associated with loco- 
motion is not clear. Osmotic tension is probably maintained in the same 
way that it is in other cells. Gelation and solation are probably due to 
chemical changes associated with metabolism, the former being due to 
increase in acidity, the latter to increase in alkalinity. The principal 
problem before us concerns an explanation of the regulatory nature of these 
phenomena. 

The preceding considerations refer entirely to Amoeba proteus. We are 
planning to extend them to other species and especially to protoplasmic 
streaming in plant cells, and if possible to muscular contraction. 











